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GLOBAL WELL-POSEDNESS OF HELICOIDAL EULER EQUATIONS 
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Abstract. This paper deals with the global existence and uniqueness results for the three- 
dimensional incompressible Euler equations with a particular structure for initial data lying in 
critical spaces. In this case the BKM criterion is not known. 
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1. Introduction 

The purpose of this paper is to investigate the global well-posedness of the following three- 
dimensional incompressible Euler system in the whole space with helicoidal initial data. This 
system is described as follows: 

{ dtu + {u ■ V)u -|- Vn = 0, (t, x) E M"'' X 

div u = 0, 
u\t=o = 

Here, the vector field u = (tti, tt 2 , U 3 ) is the velocity of the fluid and H is a scalar pressure function. 

3 

The operator tt.V is given explicitly by u.V = '^^Ujdj and the incompressibility of the fluid is 

i=i 

3 

expressed via the second equation of the system div u = Uj = 0 . 

i=i 

The question of local or global existence and uniqueness of solutions to the system (E) is one 
of the most important problems in fluid mechanics. Existence and uniqueness theories of (2 or 
3 dimensional) Euler equations have been studied by many mathematicians and physicists. W. 
Wolibner [26] started the subject in Holder spaces, D. Ebin m], j. Bourguignon [3], R. Temam 
|21j . T. Kato and G. Ponce m worked out this subject in Sobolev spaces. Much of the studies on 
the Euler equations of an ideal incompressible fluid in Besov spaces has been done by M. Vishik 
(|23j. |24j . [25]), D. Ghae [ 6 ] and G. Park and J. Park m • 

The question of global existence (even for smooth initial data) is still open and continues to be one 
of the most challenging problems in nonlinear PDEs. The degree of difficulties depends strongly on 
the dimensions (2 or 3) and the regularity of the initial data. In this context, the vorticity play a 
fundamental role. In fact, the well-known BKM criterion [1] ensures that the development of finite 
time singularities for Kato’s solutions is related to the blowup of the L°° norm of the vorticity near 
the maximal time existence. In 2-D, the vorticity satisfies a transport equation 

dtco + {u ■ V)uj = 0. 

In space dimension three, the vorticity satisfies the equation 
(1) dtco -t- (u ■ V)uj = {uj ■ V)u 

and the main difficulty for establishing global regularity is to understand how the vortex-stretching 
term (cj • V)tt affects the dynamic of the fluid. While the question of global existence for 3-D Euler 
system is widely open, some positive results are available for the 3-D flows with some geometry 
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constraints as the so-called axisymmetric flows withont swirl. We say that a vector field u is 
axisymmetric if it has the form : 

u{x,t) = Ur{r,z,t)er+ Uzir,z,t)ez, x = {xi,X 2 ,z), r = {xf + x^)^, 


where (e^, eg, e^) is the cylindrical basis of and the components Ur and Uz do not depend on the 
angular variable. The main feature of axisymmetric flows arises in the vorticity which takes the 
form 

(jj = {dzU^ — drU^)e0, 


and satisfies 


( 2 ) 


dtuj -|- (u ■ V)oj = — cj. 

r 


Consequently the quantity a •.= ujjr satisfies 


( 3 ) 


dta + {u ■ V)q; = 0, 


which induces the conservation of all its norms for every p G [l,oo]. Ukhovskii and Yudovich 
[22| took advantage of these conservation laws to prove the global existence for axisymmetric initial 
data with hnite energy and satisfying in addition G n and ^ G n L°°. In terms of 

Sobolev regularity these assumptions are satisfied if the velocity uq G with s > |. This is far 
from critical regularity of local existence theory s = |. The optimal result in Sobolev spaces is done 
by Shirota and Yanagisawa [20] who proved global existence in H^, with s > |. In a recent work, 
R. Danchin [9] has weakened the Ukhoviskii and Yudovich conditions. More precisely, he obtain 
the global existence and uniqueness for initial data G n and ^ G L^’^. Recently, in [T] 
the first author and his collaborators proved the global existence to the system (E) for initial data 

G and ^ G 

In the same context (i.e geometric contraints), Dutrifoy was interested in this question and he was 
published several papers, in m, he proved global existence to the incompressible Euler equations 
with a particular geometric structure, the focus is on so-called helicoidal solutions. In [9], Danchin 
proved too global existence for helicoidal initial data and the aim in this paper is to prescribe 
regularity conditions on the vorticity. 


Definition 1.1. Let k be a nonnegative real number. We say that a vector field u = u^Cr + ugeg + 
UzCz is helicoidal if: 

1) The components Ur,ug et Uz of u are constant on helicoids z = zq + k6 et r = rQ. 

2) At every point o/M^ the vector field u is orthogonal to h := reg -|- kez- 


We note that the limit case A: = 0 corresponds to the definition of an axisymmetric vector field. 
The main characteristic of helical flows is the vorticity takes the following form: 


koj = hujz and dtOJz + {u ■ V)ujz = 0 


where ojz is the vertical component of the vorticity. Thus 


\uj{t,fi{t,x))\ 


1^(0, a:)| 


where tp is the flow associated to velocity u. 


In this paper we shall not be interested in the dependence with regard to k quantities to be 
measured, and we shall thus suppose to simplify that A: = 1. Our main result in this paper is 
concerning the unique solvability of (E) with the initial data helicoidal in the critical Besov spaces 
(for the definition see the next section). Here and in what follows, we shall always denote {l,x,y)f = 
{f,xf,yf). More precisely we obtain the following result. 
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Theorem 1.1. Letu^ he an helicoidal divergence free vector field with {l,x,y)u^ E L^(M^x]—vr, 7r[), 

,0 ^ i!^ 0 ^^Tn) 2 , 


such that its vorticity satisfies E {l,x,y)uj^ E — 7r,7r[) and 

’x] — TT, 7r[). Then the system (E) has a unique global solution {l,x,y)u E Lfi) 

4; ^ 2 i)^ {'^,x,y)u E ^loi) G Moreover for 


oj'i E 


such that CO E 


every t E 
and 


L,a-,!/)ii(t)||i 2 < CoX“‘ 


ll“2(‘)llaf,.+IM‘)lla«,.+IKl.a:,sMt)llao„ _ SCoe^'l' »‘) 

where Cq depends on the norms of . 

Remark 1.1. According to [9], E L^(M^x] — 7r,7r[) can he replaced by co^ E L^’^(M^x] — 7r,7r[). 

Scheme of the proof and organization of the paper. The main difficulty is the proof of 
Theorem 11.11 lies in the fact that when the initial data belongs to critical spaces, we can not use 
the Beale-Kato-Majda criterion. Thus, we owe controlled ||Vu||£,oo(-]g 2 x]_jr, 7 r[)) which is bounded by 


E 


ngZ ll^^nllsO 


(where oon is the Fourier coefficients of oo see Lemma 13.ip . For that we shall 


rewrite © (see Corollary 13.II) 


dfUJ + (n • Vh)uj = 



where we denote 

u = {ui + yu 3 ,U 2 - xus), Vh = {dx,dy) and co = {loi,lo 2 ,uJz) = {-ycOz,XLOz,uJz). 
Motivated by mm, for some n E Z, let Wn solves the following system 

dtdoi^n (fi ■ ^h}d^l,n — djz,nU2j 

dtd02,n ifi • ^h}d^2,n — djz^nUl, 

dtdjz,n “1“ (fi • V h)d0z,n — 0; 

£Un|t=0 = Wn(0) 


where 


Wn(0) = 


-y^n,z 


and 


CO, 


0 


^ ,0 - 

‘^n,z - 


1 r 


CO 


4 = dxU^ 2 ~ 


0 




By Proposition 13.41 we deduce that cOn is the Fourier coefficients of co, i.e, cOn = Wn- Thus co = 

Yln&z Finally to control ||t(j„|| no , we will use a new approach similar to [13], which consists 

00,1 

to linearize properly the Fourier of transport equation. For that, we will localize in frequency the 
initial data and denote by cog^n the unique global vector-valued solution of the problem 

dtdci,q,n ~\~ {u ' h)do\^q^n — djz,q,nU2i 
dtd02^q^n 4“ {h ' ^h}dl2,q,n doz^q^n^l, 

dtdOz,q,n 4“ (fi ' ^h)dOz,q,n — Oj 

4i’^l*=0 i^g,n(0) 


where 


w, 


q,n 


( 0 ) = 


x\u}n,z 

^q‘^n,z 


and 


- 2 vr 


Aga;°e 2 “ 


In the second section, we shall collect some basic facts on Littlewood-Paley analysis; then in section 
3 is devoted to the study of some geometric properties of any solution to a vorticity equation model; 
finally in the last section, we prove Theorem ll.il 
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Notations: Let A, B be two operators, we denote [A, B] = AB — BA, the commutator between A 
and B. For a < 6, we mean that there is a uniform constant C, which may be different on different 
lines, such that a < Cb. For X a Banach space and I an interval of M, we denote by '^(I; X) the 
set of continuous functions on I with values in X. For q G [l,+oo], the notation X) stands 

for the set of measurable functions on I with values in X, such that 1 1 —> ||/(t)||A: belongs to 
We always denote the Fourier transform of a function n by ii or X{u). 

2. The functional tool box 

The proof of Theorem II.II requires a dyadic decomposition of the Fourier variables, or Littlewood- 
Paley decomposition (see El). Let (p G 5(M^) be smooth function supported in C = {^ G M^, | < 
Id < §} such that 

= l for 

qeZ 

For every u G one defines the homogeneous Littlewood-Paley operators by 

Vq G Z, AqU = (p{2~‘^D)u and SqU = AjU. 

We notice that these operators can be written as a convolution. For example for q G h, 
AqU = -ku, where h ^ S and h{^) = 

We have the formal decomposition 

u = '^AgU, Vu G 5'(M2)/P[]Rd, 

q&, 

where P[R^] is the set of polynomials (see m)- Moreover, the Littlewood-Paley decomposition 
satisfies the property of almost orthogonality: 

(4) AfcAgU = 0 if \k — q\ > 2 and Ak{Sq-iuAqu) = 0 if \k — q\ > 5. 

We recall now the definition of homogeneous Besov type spaces from [2] . 

Definition 2.1. Let (p, r) G [l,-|-oo]^, s G M and u G 5'(]R^), we set 

\\u\\^s = f2''d|AqU|Ap) . 

"^p,r V " " ) fr 

• For s < I (or s = ^ if r = 1), we define (E^) = |u G 5'(E^) | ||u||rs < ooj. 

• If A: G N and ^ + k<s<^ + k + l (or s = ^ + k + 1 if r = 1), then Bpj.{M.‘^) is defined as 
the subset of distributions u G 5'(E^) such that d^u G i?p“^(E^) whenever |/3| = k. 

Remark 2.1. (1) We point out that if s > 0 then Bp^. = Bp j. n LP and 

||n||s» ~ l|rt||^s T IIiiIIlp 

ft, I 

with Bp ,^ being the non-homogeneous Besov space. 

(2) It is easy to verify that the homogeneous Besov space coincides with the classical 

homogeneous Sobolev space and oo(E^) coincides with the classical homogeneous 

Holder space C'®(E^) when s is not positive integer, in case s is a nonnegative integer, 
P^,oo0^‘^) coincides with the classical homogeneous Zygmund space C*(E^). 

(3) Let s G E, 1 < p, r < oo, and u G 5'(E^). Then u belongs to Bp j.(E?) if and only if there 

exists {cj^r}jez such that = 1 and 
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For the convenience of the reader, we recall some basic facts on Littlewood-Paley theory, one may 
check [2] for more details. 

Lemma 2.1. Let B be a ball and C an annulus A constant C exists so that for any positive 

real number 6, any non-negative integer k, any smooth homogeneous function a of degree m, and 
any couple of real numbers (a, b) with b > a > 1, there hold 

Supp u C 6B ^ sup 

\a\=k 

Supp u C 6C ^ < sup ||9“ u || l<i < 5^\\u\\, 

\a\=k 

Supp u C 6C ^ \\a{D)u\\ib < 


In what follows, we shall frequently use Bony’s decomposition [5] in the both homogeneous and 
inhomogeneous context: 

uv = TuV + R{u, v) = TuV + TyU + 'JZ{u, v) 

where 

TuV = ^ Sq_iUAgV, R{u, u) = ^ AqUSq+2V, 
q&Z geZ 

'JZ{u,v) = AqUAqV with AqV = AqiV. 

ggz k'-q|<l 


Definition 2.2. Let u be a mean free function in 5^(M^x] — ' 7 r, 7 r[), 2'K-periodic with respect the 
third variable, {p,r) G [l,+oo]^ and s G M 6 e given real numbers. Then u belongs to the Besov 
space */ v-nd only if 

^ “i“Oo 

n&t 

where Un is the Fourier coefficients are computed as follows 


— 


1 r 


u{-,-,z)e~ 


dz. 


Remark 2.2. Let {p,r) G [1, +oo]^ and s G M, then for all u G 5^(M^x] — ' 7 r, 7 r[), 2'K-periodic with 
regard to the third variable, we have 






< 



3. Geometric properties of the vorticity 


Proposition 3.1. Let u = (ui,U 2 ,Uz) be a smooth helicoidal vector field. Then 
the vector oj = V x u = (uji,uj 2 ,uJz) satisfies for every {xi,X 2 ,z) G 

XiL 0 i{xi,X 2 ,z) + X2UJ2ixi,X2, z) = 0. 

Proof. In the cylindrical coordinate system, we have 

/ IdeUz - dzUg 

(5) W = V X U = dzUr — drUz 

\ ^ + drUg - ^dgUr 

and the second point of the Definition m implies that 

U = rOOzCg + COzCz. 



Then 


UJ^{XI,X2,Z) = -X20Jz 
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and 


Therefore 


0j‘^{xi,X2jZ) = XiOJz- 


XlUJl{xi,X2,z) + X20J2{XI,X2, z) = 0 . 


This achieves the proof. 

Proposition 3.2. Let u he an helicoidal vector field. Then 


\dr{^)\ + \dz{^)\ < \d^u\ + Id^ul + \d^yu\ + |Vn|. 


Proof. According to the inequality Q , we have 

a 1^0 

- = eOz — OrU0 H- O0Ur 

r r 

where co^ is the vertical component of rot u. One has 

dr = cos{9)dx + sm{9)dy 


and 

-80 = — sin(0)(9a; + cos{9)dy 

it follows that 

dr{-d 0 ) = — sin(0) cos{9)dx + sin(0) cos{9)dy + (cos^(0) — sin‘^{9))dxy 

and 

dr = cos^{9)dx + cos^{9)dy + 2cos(0) cos{9)d1y. 

Thus we find 

|5r(y)| < \dlu\ + \dlu\ + \dlyu\. 

Since u is helicoidal, then 

dz{—) = --d 0 U 0 
r r 

thus 

|A(^)| < |V»|. 

This finishes the proof of Proposition. 


□ 


□ 


• The last part of this section is dedicated to the study of a vorticity equation type in which no 
relations between the vector field u and the solution n are supposed. More precisely, we consider 

( dtn + u.V^l = n.Vu, 

(6) < divu = 0 

( f^|t=o = 

Proposition 3.3. Let u be a divergence free and helicoidal vector field such that Vu and 
belonging to L°°(R^)) and n the unique global solution of ([6|) with smooth initial data n®. 

Then, the following properties hold, 
i) If divLfi = 0, then divLl{t) = 0, for every t G M+. 
a) If = rQfle 0 + Lt^z^z, then we have 

Ll{t) = rLtz{t)e 0 + Llz{t)^z, Vt G M+. 

Consequently, (t, xi, 0, z) = ll{t,0, X 2 , z) = 0 and 

dtLl + (tt • V)n = Llziur^e — ue^r)- 
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Proof. First, we notice that the existence and uniqueness of global solution can be done in classical 
way. Indeed, let the flow of the velocity u, 


V’(t,x) = x+ / u{T,'ip{r,x))dT. 

Jo 


Since u G Lip{M.^)) then it follows from the ODE theory that the function is uniquely 

and globally defined. 

Let Q{t,x) := Q{t,'if{t,x)) and A{t,x) the matrix such that A{t,'ip~^{t,x)) = {djUi)Ki 
It’s clear that 

(9tD = A{t, x)D. 

From Cauchy—Lipschitz theorem this last equation has a unique global solution, and the system 
([ 6 ]) too. 

i) We apply the divergence operator to the equation ([ 6 ]) , leading under the assumption divtt = 0, 
to 

cltdivD + u ■ VdivD = 0. 


Then, the quantity divD is transported by the flow and consequently the incompressibility of D 
remains true for every time, 
ii) We have 


and 


(u • VD) • Or = u.VPlr - 

r 


(D • Vu) • 6 ^ = 0- VUr -D 51 M 0 


then the component verifies 

(7) dt^r + U ■ VDj. = D • VUr = PLrdrUr + — —)dzUr. 

r 


From the maximum principle we deduce 

||f^r(i)||L°° < [ (||Dr(T)||Loc + ||(D2 - —)(r)||^^)||Vrt(T)||Loc(iT. 

Jo ^ 

The component Dg satisfies the following equation 

dtil.9 + U ■ = QrdrUg + - -)dzUg H- PlgUr - 

therefore 

dt + * V( ) — ( ) -|- jdz ( ) ■ 

^ / / T' I 

Since the component Ptz satisfies the following equation 

Pig 

dtPlz + U ■ VPz = PlrdrUz + {Plz - )dzUz, 

T 


then 


dt{Qz -—)+«• V(L!, -% = QrdriUz --) + {Plz - —)dz(Uz - -). 

/y* fy* ry* ty* ry^ 

Thus from the maximum principle and Proposition 13.21 


< 


[ (ll^r(T)llLoo + II (D2-)('^)|Iloo) + ||V^u||i;,oo)(iT. 

Jo f 
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Then 

< f (||rir(T)||L“ + ||(^^^- -)iT)\\Loo){\\'^u\\L^ + \\V‘^u\\L^)dT. 

Jo ^ 

Applying Gronwall inequality gives 

Q.r{t) = 0 and rQ.z{t) = Q. 0 {t), VtG M+. 

Combining the previous estimate with the fact that u is helicoidal, we obtain 

n • Vu = ^IrdrU H —^Igdeu + Vl^dzU 
r 

= Qz{de + dz){urer + ueee + UzBz) 

Which ends the proof of this Proposition. □ 

An immediate corollary of the above Proposition gives 

Corollary 3.1. Let u be an helicoidal divergence free vector field solution of the Euler equations, 
then tv = rot u verifies 

{ dtUi + {Ui + yU3)dxUJl + {U2 - XU3)dyUJi = UJ2U3 - UJzU2, 

dtU 2 + (Ui + yufi)dxU 2 + (U 2 - Xufi)dy(Xl 2 = UlzUl - 

dtUz + (ui + yufifdxiVz + {u 2 - xuz)dyiVz = 0 , 

with 

dx{ui + yus) + dy{u 2 - xus) = 0 . 


Proof. By the above Proposition, we have 

oji = —yojz and 0 J 2 = xuz 

with ojz verify 

dtujz + {uidx + U 2 dy)ujz + usdzUJz = 0 . 

While since 

divcj = dxUJi + dyOJ2 + dzCVz = 0, 

we have 

dzu^z = -dxi^i - dyU 2 = ydxUJz - xdyOJz, 

thus 

dtujs + (ui + yu3)dxUJz + {u2 - xu3)dyUJz = 0. 

As cji = —yujz and 012 = xujz, then 

dtUJl + {ui + yU3)dxUJl + {U2 - XU3)dyUJl = UJz{xU3 - U2) = UJ2U3 - U!zU 2 

and 

dtUJ2 + (ui + yU3)dxUJ2 + (U2 - XU3)dyUJ2 = UJziui + yU3) = LVzUi - UJ1U3. 

Concerning the second point, we have 

dx{ui + yus) + dy{u2 - xus) = dxUi + dyU2 + ydxUs - xdyU3 = dxUi + dyU2 - dgU3 

= dxUi + dyU2 + dzU3 

= 0 , 

and we are done. □ 

To prove our theorem, we need the following proposition which describes the distribution of the 
Fourier coefficients to transport equation. 
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Proposition 3.4. Under the assumptions in Corollarv \3.1[ If dzU^ = 0 with is the initial data, 
then 

dzOJ = 0 . 

Proof. By taking dz to the ujz equation, we obtain 

dtdzOJz + (ui + yuz)dxdzUJz + {u2 - xu3)dydzUJz = -dziui + yu3)dxOJz - dz{u2 - xu3)dyOJz- 

The fact that divu = 0, dx{vi + 2 /^ 3 ) + dy{v 2 — XV 3 ) = 0, uj = {—yuJz,xuJz, 0 Jz) and U 3 = yui — XU 2 , 
leads to 

dziui + yu 3 ) = xujz + dxU 3 - yd^ui - ydyU 2 

= xdxU 2 - xdyUi + dx{yui - XU2) - yd^ui - ydyU 2 
= xdxU2 - dy{xui) + ydxUi - dx{xu2) - yd^ui - ydyU2 
= -dy{rur). 

A similar procedure gives rise to 

dziu2 - XU3) = dxirur). 

Hence we obtain 

dz{ui + yu3)dxUJz + dz{u2 - xu3)dyUz = dy{-rUr)dxUJz + dx{rUr)dyUJz 

— dx\^ zdyi, Tlij.)] + dy\oJ zdx{j'^r)\ 

— ^x\ '^'^r^y^z\ T dy\r'axdxOJz\ 

— ^xi, rUx')dyUJz T dy{xUx')dx^z-i 

from which, we infer 

dtdziwz + {ui + yu3)dxdzUJz + {u 2 - xu3)dydzUJz = 0 . 

Applying maximum principle and Gronwall’s inequality, we deduce 

dz^z — 0) 

and as a consequence dzOJ = 0, because w = {—yoJz,xoJz,oJz)- This completes the proof of the 
proposition. □ 

To prove Theorem ll.il we need the following two technical lemmas: 

Lemma 3.1. Let v = {v^,v‘^,v^) be a divergence free vector field 2'x-periodic with respect the third 
variable, then 

■ _ 3 

ll^iV/i^llL°°(IR2x]-7r,7r[) < 22 ||AjH||^oo(R2x]_jr,,r[)) J > 0 

and 

II ||l°° {R2 x]—7r,7r[) ^ 11^ II L2(R2 x]—7r,7r[) T II ^ IIl2^]]^2 x]—7T^7i-[p 

with 

V/i = {dx,dy), and Q = curlu. 

Proof. We have 

v{x,y,z) = 


uGIa 


and 


y,z) = '^ Unix, y)e^'^\ 


n£7j 


where Vn is the Fourier coefficients are computed as follows 

Wn = ^ / v{-,-,z)e~^'^^dz. 
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Using 

we find that 
Localizes it in horizontal Fourier 


{Ah + dl)v = -curin, 

{-V? + AhWn = - dx^l- 


\ _ '^1 'rhfK ^2 'rh/K r>l' 


F^A^v^h) = 


n 2 + lap 


F\A,ni){ih) - 


n 2 + iap 


F>^{A,nl,){ih) 


= 2 !], |2 ^(2-^'4)-^^(a,^^)(4) - 2 ii. 

ra^ + iai n + lai 

with ip G 5(M^) is a smooth function supported in C = {C G M ^,0 < i?i < |^| < R 2 } such that 
= 1 on support of (/?, thus 

F\VhA,vl){ih) = ■pJ^^^{2-^ih)J^\A,nl){ih) - |, ^(2-^a)-^"(A,L!i)(a)- 


rR + lap 


Let 


then 


F\K){ih) = 


ihii 


n 2 + |ap 


liL^llii < 


+ lap 


ip{2 ^a) for i = 1,2, 


221 


We thus obtain 


\^h^jvl\\L- 


~ n 2 + 22 U 


<(||iLiai + ||iL2a,)||A^.L!j|^o 


< iiAjnjjii^oo 


Therefore 


l(R2x]-7r,7r[) ~ ^ ll^l^n||L°°(K2) — ll^ll^^^' 

for f = 1 , 2 . 


n,3 


A similar argument gives the same estimate for ||V/iUi||£,oo(-R 2 x]_ 7 r, 7 r[) 

For the second inequality, we have 

X] (r,2 _U X 2',2 ~ ^ ’ X] (r,2 _u X 2 'i 2 ~ V A > 1 


(n2 + A2)2 ~ ^ (n2 + A2)2 

neZ ' ' nez ' ’ 


and 


El«T = linilLi_.,ii^ 


n€Z 


It follows that for j > 0 


V/iAjuIIloo < 


{||{Ea»)")’IL. + ||(E(-«)')’IL.}||{E IM.P)’ 




with 


-^'^«n(a) = 


nEZ 


nih 




Loo 


r^( 2 -''a). 


n2 + lap 

When \xh\ > 1, we obtained thanks to stationary phase Theorem 

1 


\Kl{xh)\ + \K.nixh)\ 


n 


and for |x/i| < 1 , we have 


\Kn{Xh)\ + \Kn{Xh)\ 


< 


n2 _|_ 221 Ix/iP 
221 


2 Tn 


rr + 


n 


2 + 221 n 2 + 22 T 
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Finally thanks to ([ 8 ]), we have 

||AjVfei;|Uoc(R2x]_^,^[) < ^ 2i^||0||ioc(R2x]_^,^[). 

For the second inequality, we use the fact that 

ll'5o'l'||L“(R2x]-7r,7r[) ^ II ||l°o 

nEZ,Q <0 

S E ^’llA,.. 


n£'L^q<0 

^^2 '^||A,uo|A2(k2 )+ ^ 2'^^n||A, 

q<0 nGZ*,<j<0 


< 


< 


V 


^ x]— 7r,7r[) 


+ E2’II4A, 


x]—7r,7r[)5 


q<0 


as 


x]— 7r,7r[) 


□ 


dzV^ = + dxV^, dzV^ = —+ dyV^ and dzV^ = —dxvl — dyV^ 

Therefore by virtue of Bernstein’s inequality, we obtain 

ll'5o'l'||Loo(R2x]-7r,7r[) < ll'^'II rS (R2 x]_7r,7r[) + II ^^ || 1,2 (]r2 [) + 2^^ || Vfe A^ 

q<0 

^ ll'l'llL2(R2x]-7r,7r[) + II ^ II L2(R2 x]-7r,7r[) • 

This gives the desired result. 

Remark 3.1. As 

dzV^ = 12 ^ + dxV^, dzV^ = — 12 ^ + dyV^ and dzV^ = —dxV^ — dyv2, 

then 

l|W'lla«„, S l|!!|Uc. 

Following a same approach, we obtain 

llvt-IU.. < IlfilU... 

Lemma 3.2. Let v be divergence free vector field 2n-periodic with respeet the third variable, then 

l|Vh(xu)||^^^ + \\Vh{yv)\\^o^ ^ < ||u|A2(]r2x]_^,^[) + ||(x,y)fl||^^^ + ll^2||^^^, 

l|AjV/j((a;,y)i;)|Aoo(]R2x]_^,^[) < 2^ (||Aj((x, y)0) ||ioo(K2x]-^,,r[) + IIAjf2||L2(R2x]_^,^[)), j > 0 

and 


ll*5o(ai,y)u|Aoo(R2x]_^,^[) < ||(a:^,y)'y||L2(R2x]-7r,7r[) + ll'l'llL2(R2x]-7r,7r[) + II 2/)^^ ||l2 (r 2 x]_^,^[), 


with 


Proof. We have 


12 = curlu. 


dyv'^ - dxV^ 


—A{xv) = curl(curl(xi;)) — = curl(xl2) + —Oxv"^ — dyV^ 

y —dxV^ — dzvl 

and XV is 27r-periodic with respect the third variable. Then we deduce forum Lemma l3.II that 

\-i. 


||Vh(-A) curl(xf2)||^j^ ^ < ||xf2||^^ 
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For the second terme, we write from the definition of O 

dzV^ = + dxV^, 



n 

nGZ 

1 < r 2-A 

2 22i ~ 

if J 
if j 

> 0 

< 0 

and 






ll^'^nlli 

°°(K2) < A2(] 

—7r,7r[ 

;,l“(r2)), 

then 






\\Vh{-A)-^dxV^\\^^^<Y, 

ll'^i'^ IIl^Q— 7r,7r[, L°° 

(R2)) 

+ L] A°°(K2x]-7r,7r[) 


j<0 



i>o 


sE 

2'^ll^i^^^llL2(K2x]-,r, 

,7r[) + L] L°°(R2x]-7r,7r[) 


j<0 



j>0 


<IIHL 

L2(]R2x]-,r,7r[) + j 



and 

For the last inequality, we deduce by Lemma LS.II and Bernstein inequality 

||AjV/i(-A)"^curl(xn)||Loo < 2^^\\Aj{xn)\\L^ 

and 

||A,-VA-A)-1Vu||loc < 25^'||A,-f7||i2 

Finally for the last inequality, let us use the fact that 

||Ao(xi;)||£,oo(K2x]_,r,7r[) < ||l,oo(R2) 

nEZ,g<0 

nEZ,g<0 

<22«||A,(x„„)||,,,.,,+ 2 2'^—n\\Aq{xVn)\\L‘2(m.2'j 

^<0 ,q<0 

^ 11^^ IIl^ (M^ x]—7r,7r[) ^ ^ ^ II(M^ x]—7r,7r[) 5 

q<0 

as 

= xn^+93;(xi;^) — v^, xdzV^ = —+ dy{xv^) 

and xdzUs = —dx{xv^) — dy{xv^) + 

Therefore by virtue of Bernstein inequality, we obtain 

||5o(xi;)||x,<x>(K2x]-7r,7r[) < IIl2 (r 2 x]_^,jr[) + 1^ IIl2 (r 2 x]_,r,7r[) + 1^^ II L2 (r 2 x]_^,jr[) 

q<0 

^ 11^"^ IIZ/^ (M^ x]—7r,7r[) 11"^ IIZ/^ (R.^ x]—7r,7r[) 11^^ II L^(R.^ x]—7r,7r[) * 

Similar for yv. This achieves the proof of the Lemma. □ 
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4. Proof of theorem 11.11 

4.1. Some a priori estimates. According to [9], we deduce the following proposition. 
Proposition 4.1. Let u be an helicoidal solution of (E), then we have for every t G M_|_, 

(9) IkWIlL- + II^WIIl- < C{\\u^L^ + 

and 

\\{xu,yu){t)\\L-- + \\{xuj,yuj){t)\\L^ < C{\\{l,x,y)u^\\L2 + ||(l,x,?/)a;°||ioonL2)e‘^*ll‘^°lli“ni,2. 

Proof. Since u, satisfies the following equation 

dtoj + {u ■ V)a; = 0 Jz{uree — uger), 

thus, from the maximum principle we obtain 

< ||tJ^ ||/,P + / II'U(t) 11 Loo (t) IliPfiT V p G [1, oo]. 

40 

Since uj^ satisfies the transport equation, we have 




then 


|w(t)||LP < ||w°||lp + ||w°||lp 


/ \\u{T)\\L^dT. 

Jo 

To estimate the norm of the velocity, we use an argument of P. Serfati |19] and Lemma 13.11 
ll'*^(^)llL°°(]R2x]-7r,7r[) < ||<5o^f||L°° +^11^5^11^°° 

g>0 

kllL2(R2x]_7r,7r[) + ll'^llL2(R2x]_7r,7r[) + ^ \\Jl^qU\\L°° ■ 

q>0 


< 

rs_/ 


By Bernstein inequality and Lemma l3.11 we deduce 0 


q>0 


Consequently, we obtain 


lk(^)llL°°(R2x]-7r,7r[) ^ II^°IIl2 + 11 11^00 1 - 12,2 + || ||2,oonL2 [ || ^^(t) ||l,oo dr. 

4o 

Using Gronwall’s inequality, we have 

||«(t)||L°° < C'||M°||r2 + ||a;°||roonL2)e‘^*ll'^°lli'°°nr2^ 

By maximum principle, Gronwall’s inequality and inequality ([9]), we deduce 

\\{x,y)uj\\Lf=(LP) ^ \\{x,y)u}^\\LP +t\\uj\\L^(^Lp)\\u\\L<^(^L^) VpG [l,Oo]. 
For concluded the proof stays to controlled \\{x,y)u\\i 2 , we have 

P+ (uif 

dt{xu) + {u ■ 'S/){xu) +\/{xp) = I Ultt 2 

UIU 3 


We recall the classical fact ||Aqu||_LP ~ 2 '^HAgOjIliP uniformly in q, for every p € [1, + 00 ]. 
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from which, we deduce 
1 d „ 




[ 


xui{ 2 p+ (wi)^ + (112)^ + {u-if)dxdydz 

x]— 7r,7r[ 

^ \\xu\\l2{\\p\\l2 + 111x11^00117111^2). 


As 


—Ap = divdiv(tt (g) u), 

Parseval’s equality and the following inequality 

2^^ + + |n|2^' ^ 

n 2 + 22 i ~ 

we follow the same approach in the proof of Lemma 13.11 we obtain 

l|p||L2(R2x]-,r,7r[) ^ \\ u ^ u \\ l 2 < \\ u \\ l --\\ u \\ l 2 . 

Then 

(10) \\xu\\l2 < \\xu^\\l2 +t||tf||L“(L2)||n||z,oc(^oo) < \\xu^\\l2 +t||n°||i2||n||x,cK>(^,x.) < Coe^°\ 

As a consequence, we obtain 

lk«llL“(R2x]-7r,7r[) < || ^0(aUl) ||£,- + ^ || Ag( ot) ||l,oo 

g>0 

< \\u\\l2 + ||xit||x ;^2 + \\oj\\i2 + ||xa;||x ^2 

~ II^°IIl2 + ||ot°||j^2 + (1111*^11^2 + ||a;*^||^oop|^2 + 

< C'(||ii°||i2 + ||xii°||i2 + ||w°||ioonL2 + ||xw°||i2)e'^‘ll‘^°lli“ni,2_ 

And a similar argument gives the same estimate for ||i/n||Loo. Hence the proposition. □ 

The evolution of the quantity ||Vii||^i(£,oo) is related to the following result: 

Proposition 4.2. There exists a decomposition {djq,n){q,n)ez‘^ of the vorticity oj such that 
i) For every t E M+, we have 

UJ= 

(g,n)gZ2 

and 

divCjq^n{t, x) = 0. 

a) For every {q,n) E Z^, we have 

\\d!q,nit)\\L^ < (| | AgW® 11 Loo + Cg ||a;° „ ||^o ^ ) 6 *^°* 

where Cq is a constant depending on and Cg E £^(Z) (see Proposition^^ . 

Hi) For every {j,q,n) E Z^, we have 

\\^jd}q,n{t)\\L°° < Co 2 (| | Agw)) 11 L°° + Cg ||u;° „ ||^0 J , 

with U{t) := ||u|lLi(Bi,,i) + II^IIl1{B1,i)- 

Proof. We will localize in vertical frequency the initial data and denote by Un the unique global 
vector-valued solution of the problem 

P ^h)^l,n — ^z^n^2i 

dt^2^n P 

9t^z,n “h (u * V h'j^z^n — 0, 

^n\t=0 = ^n{0) 
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where 


and 


y^n,z 


Wn(0) = XU). 


n,z I ) 


U = 


W, 


Ui + yu3 
U2 - XUs 


^h = {d^,dy) 


n,z 


By Proposition 13.41 we deduce that Un is the Fourier coefficients of u, i.e, Un = Wn- Thus 


a; = ^ 

nEZ nGZ 

We will use for this purpose a new approach similar to m. which consists to linearize properly the 
Fourier of transport equation. For that, we will localize in frequency the initial data and denote 
by Cbq the unique global vector-valued solution of the problem 

dt^l,q,n T (fi ■ ^h)^l,q,n — ^z,q,nU2i 

dt^2,q,n T (fi ■ ^h}^2,q,n — ^z,q,nUl, 


and ||a;| 


E 


ku, 


n\\B^ 


dt^z,q,n T (fi ■ ^ h)^z,q,n — Oj 

^q,n\t=Q ~ ^g,n(0) 


where 


and 


'-y^q^l,z 

^q,n(0) = I xAqOJ^^ 


U = 




Ui yU3 
U 2 - XU3 


^h = id„dy) 


^ j ^q^ze ^'^^dz = da:AqU^^^2-dyAqul^^. 
In addition by linearity and uniqueness 


^q^n,z ~ 


UJ = 


E ‘ 

{q,n)^7? 




Since divt;;q,„(0) = -ydx{AqUi'^.^) + xdy{AqU}°„) = de{AqU}° J = 0 and Coq{0) = rAqUJ^eg + AqUJ^ez, 
then applying Proposition 13.31 gives ujq^n = xujq^z,n&e + djq^z,nez and 


( 11 ) 


dtdjq^n T iu.^')Ci)q^n — d]q^zi,ziyj‘r(id UgGr) 

d^q,n\t=0 ~ ^l'q,n(0). 

Applying the maximum principle and using Propositions 14.1114.71 we obtain 
||Wij,n(i)||l,°° ^ ||Wg,n(0)||Loo + t\\u]q^n,z\\L^ {L'=°)\W\\Lf’{1°°) 

( 12 ) ^ 

< 2'^(||AgW°||i2 -I- Cq||a;°„||^o 

This complete the proof of i)-ii) of the proposition. 

Let us now move to the proof of iii) which is the main property of the above decomposition. Remark 
first that the desired estimate is equivalent to 


(13) 
and 

(14) 


\\AjUJq^n{t)\\L°° <C2^ '^e^’^^^\\\AqUJ^\\L^ + Cq\\uj^^n\\^oJ 
\AjUlq^n{t)\\L°° < C'2'^ (I I Agw((| 1^00 -|-Cgllw^^nllsO ) 




16 


H. ABIDI AND S. SAKRANI 


with Cq E £^(Z). From Corollary 13.II . it is plain that the ibq^n is solution of 

dt^l,q,n (fi ■ ^h)^l,q,n — ^2,q,n'^3 ^z,q,nVi2i 
dt^2,q,n (fi ■ ^h)^2,q,n — ^z,q,n'^l ^l,q,n'^3} 

dt^z,q,n “1“ (fi ■ ^h)^z,q,n — 0) 


(15) 

with 


u = {ui+ yu 3 , U 2 - XU 3 ) and (ui + yus) + dy (u 2 - XU 3 ) = 0 . 
Step 1: Proof of 17^) . Applying Corollary 14.21 to (fT5]l 


(16) e 


J 0 


To estimate the integral term we write in yiew of Bony’s decomposition 

\\^i,q,nUj\\^^^^ < + | + 11 /^((Zij^g^ri,, Uj ) | |^-l^ 

< 1111111,°° 1 1 ^ 2 ,g,n| 1^-1^ + l|72(Wi,q,n,%)||5-l^- 

The remainder term can be treated as follows 

11 R{f^i,q,ni Uj j I |£j- 


, -1 ^ sup 

-'oo.oo , 


It follows that 

\\‘^i,q,nUj\\B-\^ < ||ll 
Inserting this estimate into (jl 6 h we get 

e t( °°’i^||a;g,n(i)|ls-i < + 


^ ^ 11 A££i}j^q^.n,| |l°° I |^£llj I II^ 

dI 

00,00 ' ' ' '-^2 1 

r1 K^g.n R~i 

-^2 1 ' ' ' '-DoO,00 


i>k-3 

^ l|iiig,n||B-l I 111 


Ut~ / 

|lHr)||gi e l|Wg,n('ry||o 


i-i dr. 


Hence we obtain by Gronwall’s inequality and unsung Proposition 14.71 

l^g,n(i)|ls-b A C'(||Aqa;°||^-l + ||^q * ^^,n\\Bz}r^ + ll^g * 


00,1 




) 




.CU(t) 


(17) X e 

<(72 '?(||AqW°||Loo + Cg||a;°„||go 

This giyes by definition 

l|Aj,-£Z’q,(t)||ioo <C 2 ^ '^(||A,w°||ioo + Cg||w°,,||go 

Step 2: Proof of [T4\ ). The solution Ug has three components in the cartesian basis ujq^r, 
iuJl,q,n,dj2,q,n,djz,q,n)- It’s dear that UJi^q,n IS Solution of 

( dfUJi^q^n + (ft • ^h}d^l,q,n — djz^q^nU2 
\ ^l,g,n|l =0 d}i^q^n(fi). 

Then, we obtain from Corollary 14.21 


e < l|wi,g,n(0)||Bi , + / e 

00,1 CO ^ ' 


f 


ClhlliiCfli ) 


^ \\djz,q,nU2\\Bi ^T. 


00,1 


From Bony’s decomposition, we get 


17111111 rli-nl 


t '' 00 ,ll 


7 ||^7l,g,n(i)|l5^ ^ ^ ll^l,g,n(0)||^^ ^ + 


+ 


17111111^1(^1 j 
e °°7b (u 


2 ,g,nils 


1 11 til 1^,00 dr 


ft 


00,1 


17111111^1(^1 )||_|| II , 

e °°’ 11 r 1 l*l2,q',n L°°11T. 

"-“ 00,1 
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The analysis will be exactly the same for Cj 2 ,q,n^ because it satisfies the following equation 

dt(^2,q,n + (u ■ Vh)Cj2,q,n = (^z,q,nUl 
^2,q,n\t=0 = <^2,g,n(0). 


Since ojz,q,n satisfies 


then 


and 


Finally we obtain 


dt^z,q,n T (u ■ V h)^z,q,n — 0 

^z,q,n\t=0 ^q^z,ni 


c 1^1 W'-^q^z.nUB^ 

00,1 ’ 00,1 


\\^z,q,n{t)\\L<^ < ||Aqa;°„||Loo < 2^| | AgCU® 1^2 . 


3 <||AgU;°||oi ^ +||/ij*w° 


■^q,n\'-)\\B^ , ~ 11 11 iJJ- , M'^g * ^ 2 ,nl lijl ^ W^q * ^ z,n\\ , 

00,1 00,1 ^ ’ 00,1 ^ ’ 00,1 

+ / e 11^2,5,nlle^ Jp||L°°a'r 


/ 

/' 

Jo 


C'II“IIl1(b1 ,)||~|| ||~ II T 

+ / e J|w 2 ,g,n||Loodr. 


So according to Gronwall’s inequality and using Propositions 14.11 and 14.71 Isee Appendix), we obtain 
(18) l|wg,n(OII_B^ ^ A C'^'^dlAgW^llioo + Cq||a;°„||^o 

This can be written 

\\^j<^q,nit)\\L°° < C2^ ■^(llAqrW^lli.oo + 

Hence, the desired result. □ 

So that XLOq^n and ycoq^n satisfies 

—U2^2,q,n 

dti^XtOq^ri) T (H * ^/i) (j-Ag^yi) — U\Cbq^Yi T I '^1^2,q,n 


0 


and 


'^2^1,q,n 

dt{y^q,n) T (H ■ ^h)iy^q,n) — U20Jq^n T | ^1^1,q,n 

0 

We follow the same proof of the previous proposition and using Corollary 14.31 we obtain the 
following proposition. 

Proposition 4.3. There exists Cq is a constant depending on vP and Cq E such that, 

i) For every {q,n) E 7?, we have 

\\{x,y)ojq,n{t)\\L-- < Co(||Ag{(l,x,?/)a;°}||Loc +Cg||w°||^o^ + Cq\\ujlJ^oJe^°K 
a) For every {j,q,n) E Z^, we have 

\\Aj{{x,y)ojq^n}it)\\L°° < exp(Coe'^°*) 

^ (l|Ag{(l,x,y)a;°}||Loo + ||Agt<;°||i2 + Cq\\uj^\\^o^ + Cg||w°„||^o^ 

withUit) :=||u||^i( 5 i ^ + ). 
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Proof, i) According to maximum principle, Propositions 14.1114.2114.71 and Corollary 14.31 we have 

||(x,?/)a;g,n(t)||L- < \\{x,y)AqUjljL<=o + ||x?/Aga ;°„||loc + „||loc 

+ / 11711^°° ||Wi},n||L°°C?l' 

Jo 

^ (IIN{(l>a;,y)w°}||Lo° +Cq||a;°||^o^ + Cq||w°^ll^o 

ii) Corollary 14.21 implies that 

e ^^^t(BL,i)\\(^x,y)ujq^n{t)\\Bi < ||(x,?/)AqU;° 11^1 +||x2/AgW° 11^1 +||x2AgU;° 11^1 

00,1 ’ 00,1 ’ 00,1 ’ 00,1 


+ 11 ?/ j^q^z,n \\sl 


'■1 Jo 


Clhlll,! (Sl ,)||~|| II ~ II I 
e ti cj ,, dr 


II ||_|| 


/ 


00,1 


this along with Propositions 14.1114.2114.71 Corollary 14.31 and inequalities (fT^ . (fTHI) . ensures that 

e ^•"•'•!i'’»,i>||(j,,.j,)^„(()||^j^^^ <2''(||A,{(l,i,!/)a)J}||L« + c,||i.iS|Ibo^ + c^lk'nlls;,) 

+ 2 ’{||A,i.;||b« + c,||>.»„|Ib.J/"‘*"'"“"‘.‘'* 1 >' 

+ 2'^(ll^g‘^nllL2 + Cg||a;°||^o^ + Cg||a;° ||^o 

As a consequence, we obtain 

\\A,{{x,y)Cb,^n}{mL^ < Co 2 ''-^e^°(*+^W) 

^ (ll^g{(l>3:,?/)a;°}||Loo +Cg||w°||go^ + Cg||w° ,,||go ^ + \ \AqUJ^\\j^2'^ . 

To prove the estimate 

\\A,{ix,y)u,g^n}{t)\\L^ < Co 2 ^-'?e^o(‘+^W) 

(ll^g{(l)3i,y)w°}||Loo + + Cg||w°,,||^o^ + ||Aqa;°||£,2 

we use the fact that 

-U2UJ2,q,n + U3{xUJ2,q,n) 

dtixCbq^n) T ifJ ■ ^h){^J^q,n) — UiCjq^n + U^iyCbq^n) T I q,n T II 3 (2/^2,g,n) 


and 


dt{yCbq^n) + {u ■ Vh){yiOq,n) = U20Jq,n “ U 3 {xCbq^n) + I -'WlWl,g,n “ U 3 (yWi,g,„) 


This along with Corollary 14.21 leads to 


j ^"“"^ps^.P||(x,i/)a;g,„(t)||^ 1 < \\{x,y)AqU%J^-i + WxyAqU^J^-i + \\x‘^AqUJ^J^-i^ 


+ ll?/^Aga;°„||^-i + / e 


V “ " -t-^ 00,00 


/ 


C||“lli,i(si )| 

oo,!' 




Q,nII R“l 
^ ’ -^00,00 


J 0 ’ 
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Applying Gronwall’s inequality, yields 
e 

,2 A , ,0 


< |||(x,?/)Aga;°„||g-i^ + \\xyAgUj[ 




+ + / e 

•j 0 


C'll“llii(si )| 

3 ^ OO.l-' 


ll'^ll11^0.nil D — 1 dT 


W‘e 


(Sl ,)| 

00 , 1 '' 


” -‘-' 00,00 




|L°° ^ 


This along with Proposition 14.71 Corollary 14.31 and inequality (fT7|l . ensures that 

e " exp(C'oe‘^°*) 

^ I ll^g(l) *5 y)^n\\L°° + Cqr(||a;,j|| 50 ^ + 11 ^ 2 :,nil 
This completes the proof of Proposition 14.31 

For conclude remnant to controlled ojg^n in ^ and B 200 Remark I3.ip . 

Proposition 4.4. There exists Cq is a constant depending on vP and Cg G sueh that. 

i) For every {q,n) G 7?, we have 

1 l^g,n(^)| II^ + 1 1 (i-5 ^5 y)djq,n{'t)\\L°° A Cq ( 11 | ^2 + Cq||a;^^,j|| ^0 ° . 

ii) For every {j,q,n) G we have 

l|A,i5,„(()||i, < C„2-l^-«leC"''“lexp{C„eC"‘)(||A,i.,;i|y + c,IK„|Ibj_). 

,mthU(t) :=ll«Iti.(B^,, + ll«llL.(Bi,)' 

Proof. It follows from (I15j) that 

dtdjl,q,n T {u ■ ^h)d]l,g,n — djz,q,nU2 
dtdj2,q,n T (H ' h)dj2,q,n — i’-’z,q,nfil 
dtdJz,q,n T (fi ■ ^h)djz,q,n — 0 

, ^l,g,n|i=0 ~ d)g^n(O). 

Taking inner product of the above system with ujg^n gives 

2 ^II^'J’"'IIl 2 — l|ii^g,»T.|lL2 ||w2,g,n||L2 llnllioo < II j;^2 IIuIIloo. 

Applying Gronwall’s inequality and using Propositions 14.1114.71 gives rise to 

||Wg,n(i)||L2 < Go(||AgW°||i2 + Cg ||w° ,, ||^o ^ ) 6^“*. 

Thanks to Corollary 14.21 we obtain 


ClhlliUsi )_ . . II ^ 11 ~ 

C ’ ll^iJjnlGlI^l ^ ^ W^q 


< 




6 I |C(..J2:,g,n'^| I ^ 

“^II'^II_l1 (_b1 i) II ~ 11 II ~ll ^ 

6 I |^2:,g,n| I^ II"^11L°° 


f 

Jo 


+ / e 


C||“llz,i(si^^^)| 


liii 2 ,ij,n||L 2 ||fi| 1^1 dr. 

00,1 


As (Wz^q^n satisfies 




□ 
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*^o(*+ll“ll^l (gl )) 

D ~ OO . 1 •' 




exp(Coe‘^°*). 


and 

I |w 2 ;^q^n| |l 2 < 11 1^2 < 2'^Cg 

Then from Propositions 14 . 7l and 14. 1] we find that for {q,n) G 7? 

I l^g,n(i)| I(I I AqCa^l ^2 + Cq ||a;^^„|| b^-J^ 

By a similar proof of the previous inequality, we deduce 

I |Wq,^n(^)| 1^-^ A C*o2 (I I AqW^I ^2 + Cqllcj^^^lljjO ^)e 

This completes the proof. □ 

So in conclusion, we obtain the following corollary. 

Corollary 4.1. For every {j,q,n) G Z^, we have 

I \ ^q,n{t) I |l2 + I \u}q^n{t) \ |l°° A C*o (| | Aq,{(l, X, y)tOn} \ I A°° T ll^n II5° i *^9 ll^2,n IIijo ® 

and 

\\i^jLbq,n{t)\\L2 + \\Aj{{l, x,y)Coq^n}{t)\\L°- < exp(Coe'^'’*) 

^ ^11 Ag{(l, X, y)a;„}| \l°° + 11 Agto^l 1^2 + Cg||ti;„|| 50 ^+ Cq-Hw^^nllRj j) ’ 

with U{t) := ||ft|Ai( 5 i j + II^IIlTrIj) ^ i^(7). 

Proposition 4.5. The solution of (E) with initial data {l,x,y)u^ G such that w® G ^ 21 ^ 
{l,x,y)u^ G =^^^1 and G satisfies for every t G M+ 

||(l,x,y)u(t)|A 2 < Coe^o* 

and 

11 ‘^.WII.^. + + IKl.rc.sVWIIa.^ , < 

where Cq depends on the norms of u^. 

Proof. Inequality (IlOh implies the first estimate. Note that for any fixed integer N, one has 

I l^n(^)l IbO + 11(1) 2/)^n(i)|lB^ ^ <EiigEg- ,2/)Wg,n(t)||l,- + EllAEA,»(t)lb 

j g j g 

— ^ ^ 11 Aj{ (1, X, y)ti)g^n}(^) I |l°° T ^ ^ 11 AjWq,n(^) I II^ 

\j-g\>N \j-g\>N 

+ II Aj{(l, X, ?/)a;g^.„,}(t)||£,oo + E IIAA,»(«)lly 

\j-g\<N \j-q\<N 

(19) := fn + dn 

Applying Corollary 14.11 gives 

(20) fn < C'o2-^e'^°^Wexp(C'oe'^°*)(^||(l,x,y)u;°||^^^ + ||u;°||^o^ + ||a;°„||^o J 

and 

(21) dn < C'oA^(||(l)ic,y)a;°||^^ ^ + ||a;°||^o^ + ||w°nllso 
Combining this estimate with (fTOjl . (l20l) and (1211 . we obtain 

Il^n(i)|l50 + 11(1) a^) 2/)‘^n(^)ll_B0 ~ 1^(11(1) a^) 2/)^nl lijo +ll^nll_B0 “I" ll^2,n II rO ) 6 ° 

2,1 00,1 00,1 2,1 ' 1,1 

+ 2 -^e^°^(‘)exp(Coe^°^)(||(l,x,y)w°||^^^^ + ||w°||^o^ + ||a;°„||^o J. 
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Choosing the integer N so that 
leads to 


N^Uit), 


+ ||(l,x,?/)a;„(t)||^o < [/(t)exp(C'oe‘^°*) 

2,1 00,1 

Lemmas 13.1113.21 and Remark 13.11 on the other hand, we have 

\ ^ ^ < [\\{l,x,y)uP\\^o^ ^ + ||w°||^0^ + ||t<;°||^o J 

nEZ nEZ 

X / {\\u\\L2(R2y,]_^^^Q + \\{l,x,y)uj\\^o + llw^o )cirexp(C'oe'^'’*), 

Jo 

hence we obtain by GronwalPs inequality 

As Uz verifies 

dtUJz + {u ■ Vh)oJz = 0 , 

we obtain by Corollary 14.21 
This finishes the proof. 


□ 


4.2. Existence and uniqueness. The proof of existence of a solution is performed in a standard 
manner. We begin by solving an approximate problem, we are going to use Friedrich’s method, 
which consists to approximation of system (E) by a truncation in the space of the frequencies. Let 
us define then the operator 

Ji,kU = y] 

\n\<k 

Let us consider the approximate equation 

dtu^^k + Je,k{Je,kUt,k ■ ^)Je,k'ue,k = Je,kQ{Ji,kUi,k,Ui^k) 

with 

Q{u,v) = y^^didj{-A)~^{u"u^). 

ij 

Later we prove that the solutions are uniformly bounded. The last step consists in studying the 
convergence to a solution of the initial equation. So we prove the local existence for regular data 
(for more details see [9l HO]). In critical spaces one can follow Park’s approach in [16] . To prove 
that the solution associated to all helicoidal and enough smooth initial data u^, is helicoidal, it 
suffices to use a method due to X. Saint Raymond [18]. In fact, it’s clear that the first condition 
of Definition o is satisfied. Concerning the second condition, we have 

dt{u{reg + kez)} + {u ■ V){u{re 0 + kcz)} = {{u ■ V){ree + kez)}u - Vn(re 0 + kcz) 

i.e; 

dt{u{ree + kcz)] + {u ■ V){u{ree + kcz)] = 0 . 

To prove the uniqueness simply to controlled the difference of two solutions in L^(M^x] — 7r,7r[). 
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Appendix 

To prove main theorem, we need some inequalities. 

Proposition 4.6. Let {r,p) € [l,+oo]^, / € Bp ^., v be a smooth divergence free vector field and 

[v • V, A,]/ = {v • V)A,/ - AA(i; • V)/). 


Then there hold 

(i) Ifs = -l 

(ii) If -l<s<l 

(hi) If s = l 


sup2 ''lib • V, Ag]/||LP < ||Vu||^o 

n 00,1 


j;2»*’'ii[i>-v,A,]/ir„)?<iiv..ik. 






Ky 


If f = rotu, then the second point holds true for s G [l,oo[. 

Proof. Thanks to Bony’s decomposition, we write 

b • V, A,]/ = [T,J , A,]djf + - \T 9 .fy + R{vfiA,djf) - A,R{vfidjf). 

For every s G M, by a classical inequality about commutators we have (see for example m) 


< 

r\-i 


l|Vu|b^||/|U. . 


For the paraproduct term, we have 


~ ^ Sqi-lAqdjfAq/vfi 

Q<g' 


Applying Bernstein and Holder inequalities leads to 


^ Sq ,_, AqdjfA , 

Q<g' 


,/V 


LP 


< ||Ag/V^|boo||||Aqaj/||LP 


q<q' 


< j;2^-'''||A,.Vu|bc.||A,/|| 


LP- 


<?<?' 


Therefore 




Vs G M. 


Concerning the term AqTg.fvfi we have 


AqTo.fV^ = Y Aq(5g/_l5j/A, 
\q-q '\<4 


.'V' 


From the definition of Sqi-i and applying Bernstein inequality, we obtain 
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Thus 


and for s = 1 






V s < 1 


<||Vu||^o ll/bi . 

* ^ 00,1 p,l 

<? 

Finally divergence free of u, implies 

R{V^,Agdjf) - AgR{v^,djf) = ^ Ag>V^ AgfAgdjf - Agdj{AgfV^Agff) := Ig. 

q'>q-3 

From Holder and Bernstein inequalities, we deduce 

(E^’^llIJIW'SIIVolls. Il/lls. if «>-!, 

^ ^ ' -^00,00 PiT 

q 

sup2”'?||Ig||LP < ||Vu||^^ if s = -l. 

The proof is now achieved. □ 

An immediate corollary of the above lemma is. 

Corollary 4.2. Let s €] — 1,1[, {p,r) G [l,oo]^ and u be a smooth divergenee free vector field. Let 
f a smooth solution of the transport equation. 

dtf + u.Vf = g, /|t=o =/o, 

such that /o G and g G Then 

(22) ll/(i)lls- < C'e'^^Wdl/ollg. +[ dr) VtGM+. 

where U{t) = Jq ||Vu(r)|| J^oo dr and C constant depends on s. 

The above estimate holds also true in the limit cases : 

s =—1, r = oo, pG [l,oo] or s = 1, r = 1, pG [l,oo], 

provided that we change U(t) by Ui{t) := ||ri||rini . 

oo, 1 

In addition if f = rotu, then the above estimate (1221) holds true for all s G [l,+oo[. 


/m 2 f 


, then 


Proposition 4. 7. Let f eS 

i) 

with 
In addition 

Ag{xiAjUj) = Ag{x 2 AjUj) = 0, for \j - > 5. 

a) /// G i ?2 1 n then 


xiAjf = Aj{yif) + h] * f and X 2 Ajf = Aj{y 2 f) + h]*f 


hj{x) = 2 ^xih{2^x) and m{x) = 2 ^X 2 h{ 2 ^x). 


zi>0 5 

\\xiAjf - Aj(?/i/)||l- + \\x2Ajf - Afiy 2 f )\\L-- < Cj | 2 ^'||/|i^o 

\\xiAjf - Aj{yif)\\^p^^ + \\x2Ajf - Aj{y2f)\\^i^^ < Cj 2 ^||/||^o^, 

\\xiAjf - Aj{yif)\\+ \\x2Ajf - Aj{y2f )\\< Cj 2 "^||/|| aq , 
00,1 00,1 2,1 

lIxiAj/- Aj(2/i/)||i,2 + ||x2Aj/- AAy2/)||L2 < CjWfW^o^, 
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\\xiAjf - Aj( 2 / 1 /) 11^1^^ + \\x 2 Ajf - AA 2 / 2 /)|Ibi_^ < Cj2^||/||^o^, 
\\xiAjf - Aj{yif)\\^-i + \\x 2 Ajf - Aj{y 2 f)\\^-i < Cj2-^||/||^o^ 

with Cj G (Z). 

Proof, i) We write by definition 

xiAjf{x)-Aj{yif){x) = 2^^/ /i(2^(x - 2/))(xi - yi)/(2/)(i2/ 

Jr2 

= /(a;), 

with h^{x) = 2~^xih{2^x). This complete the proof of i) 
ii) Now we claim that for every f £ S' we have 

2^^h{2^-)^f= Y. 22^A(2^.)*Afc/. 


Indeed, we have h{f) 

This leads to 


= = id^^(p{f,). It follows that supph C suppp. So we get 


22^A(2^'-)*Afc/ = 

0, 

for \j — k\ >2 

Y ll^iAj/ - AAyi/)||L°° 

< 

rs_/ 

Y 2 '=-^ 2-^1 

j£Z 


|j-*:|<l 


< 

rs_/ 



< 

rs_/ 

II/IIb.,- 


Similar for same inequalities. The proof is now achieved. 

We follow the same proof of the previous proposition and we use the fact that 

XiXj - yiPj = {xi - yi){xj - yj) + (x* - yi)yj + {xj - yj)yi, 


we obtain the following corollary. 

Corollary 4.3. If {f,yif) £ Bf i x B 2 i, then for 1 < i,j < 2, we have 

WxiXjAjf - Aj{yiyjf)\\L-- < Cj(||/||bo^ + IIi/i/IIbo^ + IIi/2/IIbo 

\\xiXjA,jf - Aj{yiyjf)\\^^^^ < Cj2^ (||/||^o ^ + WyifWpo^ + I|y2/||B0^) 


and 


\xiXjAjf - Aj{yiyjf)\\j^^i^ < Cj2 ^(||/||bo^ + llyi/llso^ + II2/2 /|Ibo J 


with Cj £ (Z). 


□ 
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